Using the relationship between biϋnear functional and linear operators we obtain some theorems on the extension of bilinear f unctionals. To extend bilinear f isnctionals in Hubert Spaces a special constructional process is given which is a generalization of the usual inner product. This allows the construction of bilinear functionals with special properties. In particular it allows a generalization of the Lax-Milgram Theorem. We also extend the Lax-Milgram Theorem to reflexive Banach Spaces.
In order to fix the terminology, let U and V be Banach Spaces (real or complex), then by a bilinear functional we mean a function F from U x V to the complex (or real) numbers such that F (u, v) is linear on U for each fixed v e V and vice versa. The norm of a bounded bilinear functional F, denoted by Hi 7 "!!, is defined as:
||.F|| = inf {K> 0: \F(u,v)\ £ K\\u\\\\v\\ for all u e U, v e V) .
Hence a bounded bilinear functional is jointly continuous on U x V in the product topology and we note that: If S and T are subspaces of U and V respectively and B Q is a bounded bilinear functional on S x T, then we call B an extension of B Q to U x V if B is a bounded bilinear functional on U x V such that B 0 (s, t) = B(s, t) on S x T and || B Q \\ = \\ B ||. If such an extension exists we shall say that B o can be extended to U x V. Furthermore, if each bounded bilinear functional on S x T can be extended to U x V we will say that S and T have the bilinear extension property. The proof is similar to the proof of the linear case which is found for example in [3, p. 127] . That one can extend bounded bilinear functionals to the closure or completion of a space has a proof similar to the linear case. For one such version for bilinear functionals see [1, p. 105] . Unless it is specifically mentioned we will not assumed that the subspaces in question in each theorem are necessarily closed. Hence in each such theorem one should first extend to the closure and then proceed with the proof.
Our next two theorems show the relation of extending bilinear functionals and the extension of linear operators. One of the best references to the problem of extending linear operators is Nachbin [6] . (See also [5] ). References and additional information to the following facts may be found in [6] .
We shall say that a Banach Space U has property E (the extension property of type oo in the terminology of [6] Since T* has property E we extend G o to a linear operator G on U into T* with the same norm. Now let B(u, t) = <£, (?(%)>• for (u, t) e U x T and it is easy to see that 5 is an extension of B o to U x T. Using a similar procedure for the spaces U* and T we obtain the desired extension to U x V. One natural way to try to extend bilinear functionals is to factor through the bilinear functional on S x T into a linear functional on the tensor product S 0 T. Now the bounded bilinear functionals on S x T are isometric to the bounded linear functionals on S 0 T under the greatest cross norm topology on S 0 T. (See Grothendieck, Produits Tensoriels Topologiques Et Espaces Nucleaires, Memoirs of A.M.S. No. 16, for related statements in topological vector spaces.) Hence if we extend the linear functional on S 0 T to U 0 V we have an extension of the bilinear functional on S x T to U x V. However, Schatten [7, p. 57] has shown that the greatest cross norm topology on Z7® V is not an extension of the greatest cross norm topology on S 0 T in general. The next few theorems are closely related to those obtained by Schatten in proving this result. THEOREM We also note that we could consider the set U x V and by a similar process we have an extension of F o to U but with final values in V*. THEOREM 
Suppose U and V are Banach Spaces with the bilinear extension property on the subspaces S and T, then every bounded linear operator from S into T* (T into S*) can be extended to a linear operator from U into T* (V into

Suppose in addition to the hypothesis of Theorem 3 that T* = S, then there is a projection of norm one of U onto S.
Proof. Let F o be the identity operator from S into T*. As in the proof of Theorem 3 associate B o with F Q and ||i? 0 || = 1. The extension then of F Q to F gives us a linear operator of norm one of U into T* or S which is the identity on S, i.e., F is a projection of norm one. Proof. Let B o be a bounded linear operator on S x F, and let P be a projection of U onto S with norm one. It is clear that B (u, v) = B 0 (Pu, v) is the desired extension. THEOREM 
Suppose S is a subspace of the Banach Space U, and that S is the topological dual of a Banach Space T, i.e. S -Γ*, and that every bounded bilinear functional on S x T can be extended to U x T, then if V is a Banach Space every bilinear functional on
Proof. By Theorem 4 there is a projection of norm one of U onto S and hence by Theorem 5 the result follows. Proof. By Theorem 4 we have a projection of norm one on each two dimensional subspace, which implies that U is a Hilbert Space.
Although Corollary 2 shows that bilinear functionals on subspaces of Hilbert Spaces may always be extended, we repeat another proof given in [2] whose explicit construction yields other results immediately. THEOREM 7. Suppose S u S 2 , S n The remainder of the proof follows from a straightforward application of Zorn's Lemma similar to that in the Hahn-Banach Theorem.
3. Corollaries* We will suppose in this section that U and V are Hubert Spaces and S and T are subspaces of U and V respectively. From the proof of Theorem 7 we obtain the following COROLLARY 
Suppose S c U and B is a bilinear functional on S x S such that: (i) I I?(s, t) I ^ -Kill 8 || || 11| for each s, t in S and (ii) ! B(s, s)\ ^ JBΓal l s || 2 /or βαc/^ s m S,
Then B may be extended to U x U such that (i) and (ii) hold on U x U.
One also can easily see that a bounded symmetric bilinear functional on S x S (B(u, v) = B(v, u) ) can be extended to a symmetric bilinear functional on U x U. Furthermore a bounded sesquilinear functional on S x T can be extended to U x V. One simply uses the fact that the sesquilinear form on S x T is a bilinear form on S x T f where T f is the so called complex conjugate of T. The proofs of the following corollaries follow from the extension theorem and since they are similar to the proofs in the linear case, they will be omitted. 
We note that if F and G are bounded linear functionals on S and T respectively then the bilinear functional defined by B(s, t) = F(s)G(t)
is bounded on S x T and can obviously be extended. On the other hand a nondegenerate bilinear functional on U x V can not be re- Proof. Suppose the conclusion is false.
It is known that if there exists a nondegenerate bilinear functional on U x V where U and V are finite dimensional then dim U = dim V.
THEOREM 9. Suppose X and Y are normed linear spaces and B is a nondegenerate bounded bilinear functional on
Proof. Again as in the proof of Theorem 3 we associate a linear operator A from X into Y* with the bilinear functional B. Since B is nondegenerate this implies that A is one to one and the result follows. (u, v) -B(u, Tv) =1 1 B(u, v) 
Proof. Suppose the representation holds, then B induces a linear operator A from U into F* in the usual manner. Since B is nondegenerate, A is one-to-one and ||A|| = ||£>||. Since every linear functional in F* has this representation A must be onto. Hence A has a bounded inverse A~ι. However, a necessary and sufficient condition that A have a bounded inverse is that there exists an m > 0 such
and it follows that the condition is necessary. Now suppose that the condition is satisfied. Hence A is one-toone and onto R(A) which is closed in V*. If R(A) φV* let /* Φ 0$R(A). By the Hahn Banach Theorem there exists v** e F** such that v**(/*) = 1 and v**(R(A)) = 0. Let ve V correspond to v**(V is reflexive). Hence f*(v) = 1, and B(u, v) There are some corollaries to the Lax-Milgram Theorem due to Littman and Schechter [8, 568] Proof. For a fixed u, B(u, t) is a bounded linear functional t* on T. Therefore there is a unique u* in S such that B(u*, t) = <j fc, £*)> for all t in T. Hence B(u, t) = B{u*, t) for all t in T.
COROLLARY.
Suppose the hypothesis of the preceding corollary holds, then for each ue U there is a unique u* in S and a %** such that B{u**, t) = 0 for all teT and u = u* + u* The author appreciates the helpful suggestions of the referee and in particular wishes to give credit to the referee for the brief proof of Theorem 12.
